We compare the structural and mechanical properties of mechanically stable (MS) packings of frictional disks in two spatial dimensions (2D) generated with isotropic compression and simple shear protocols from discrete element modeling (DEM) simulations. We find that the average contact number and packing fraction at jamming onset are similar (with relative deviations < 0.5%) for MS packings generated via compression and shear. In contrast, the average stress anisotropy Σ xy = 0 for MS packings generated via isotropic compression, whereas Σ xy > 0 for MS packings generated via simple shear. To investigate the difference in the stress state of MS packings, we develop packinggeneration protocols to first unjam the MS packings, remove the frictional contacts, and then rejam them. Using these protocols, we are able to obtain rejammed packings with nearly identical particle positions and stress anisotropy distributions compared to the original jammed packings. However, we find that when we directly compare the original jammed packings and rejammed ones, there are finite stress anisotropy deviations ∆Σxy. The deviations are smaller than the stress anisotropy fluctuations obtained by enumerating the force solutions within the null space of the contact networks generated via the DEM simulations. These results emphasize that even though the compression and shear jamming protocols generate packings with the same contact networks, there can be residual differences in the normal and tangential forces at each contact, and thus differences in the stress anisotropy.
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I. INTRODUCTION Granular materials, which are collections of macroscopic-sized grains, can exist in fluidized states when the applied stress exceeds the yield stress or in solid-like, or jammed, states when the applied stress is below the yield stress [1, 2] . Many recent studies [3] [4] [5] [6] [7] [8] have shown that the structural and mechanical properties of jammed granular packings depend on the protocol that was used to generate them. For example, when granular packings are generated via simple or pure shear, the force chain networks appear more heterogeneous and anisotropic. In contrast, for granular packings generated via isotropic compression, the force distribution is more uniform [9] [10] [11] [12] [13] . This protocol dependence for the structural and mechanical properties of jammed packings makes it difficult to acccurately calculate, and even properly define, their statistical averages.
An important question to address when considering how to calculate statistical averages of a system's structural and mechanical properties is to determine which states are to be included in the statistical ensemble. For jammed granular packings, the relevant set of states is the collection of mechanically stable (MS) packings [14, 15] with force and torque balance on every grain. In addition, the average properties of the ensemble of MS packings depend on the probabilities with which each MS packing occurs, and the probabilities can vary strongly with the packing-generation protocol.
We recently investigated how the mechanical properties of granular systems composed of bidisperse frictionless disks interacting via pairwise, purely repulsive central forces [16] depend on the packing-generation protocol. In this case, the relevant ensemble of jammed states is the collection of isostatic MS packings [16] [17] [18] [19] with N c = 2N − 1 interparticle contacts, where N = N − N r , N is the number of disks, and N r is the number of rattler disks with less than 3 contacts. We compared MS packings of frictionless disks generated via simple or pure shear (i.e. shear jammed packings) and those generated via isotropic compression (i.e. compression jammed packings). We found that compression jammed packings can possess either positive or negative stress anisotropŷ Σ xy = −Σ xy /P , where Σ xy is the shear stress and P is the pressure of the MS packing. In contrast, shear jammed MS packings possess onlyΣ xy > 0 and these packings are identical to the MS packings generated via isotropic compression withΣ xy > 0. Thus, the ensemble of jammed packings generated via shear and isotropic compression is the same, but shear (in one direction) selects jammed packings with only one sign of the stress anisotropy.
In this article, we will investigate a similar question of whether exploring configuration space through shear versus through compression samples the same set of MS packings, except we consider the case of jammed packings of dry, frictional disks. A key feature of frictional systems is that the forces at each interparticle contact must obey the Coulomb condition [20, 21] , where f t ij ≤ µf n ij , f n ij and f t ij are the normal and tangential forces at the contact between particles i and j, and µ is the static friction coefficient. If f t ij exceeds µf n ij , the contact will slide to satisfy the Coulomb condition. Further, the number of contacts for MS packings of frictional disks is below the isostatic value z iso = 4, and thus there are many solutions for the normal and tangential forces for each fixed network of interparticle contacts. Thus, one can imagine that different protocols for generating jammed packings of frictional disks can give rise to MS packings with different distributions of sliding contacts, different force solutions for a given contact network, or even different types of contact networks.
We carry out discrete element modeling (DEM) simulations of bidipserse frictional disks in two dimensions (2D) to compare the properties of MS packings at jamming onset generated via simple shear and isotropic compression. We find five significant results: 1) The average packing fraction φ J (µ) and contact number z J (µ) at jamming onset versus friction coefficient µ for the ensemble of MS packings generated via isotropic compression and simple shear are similar (with deviations < 0.5%). In particular, both shear and compression jammed packings can possess a range of average contact numbers z J between 3 and 4, depending on µ. 2) As with frictionless disks, we find that MS packings of frictional disks generated via isotropic compression possess bothΣ xy > 0 andΣ xy < 0, whereas MS packings generated via simple shear possess only one sign of the stress anisotropy. 3) For each MS packing generated via simple shear, we can decompress the packing to remove all of the frictional contacts and recompress it to generate an MS packing with particle positions that are nearly identical to those of the original shear jammed MS packing. Similarly, for each MS packing generated via isotropic compression, we can shear it in a given direction to unjam it and remove all of the frictional contacts and shear it back in the opposite direction to generate an MS packing with disk positions that are nearly identical to those of the original compression jammed packing. 4) Even though the disk positions are nearly identical, we find a small, but significant difference between the stress anisotropy of the shear jammed packings and that for the compression rejammed packings. Similarly, we find a smaller, but significant difference in the stress anisotropy between the compression jammed packings and that for the shear rejammed packings. The fluctuations in the stress anisotropy from the DEM simulations is smaller than the fluctuations obtained by enumerating all normal and tangential forces solutions from the null space for each fixed contact network. 5) We also show that even though we can generate MS packings with nearly identical particle positions via the DEM simulations, the packings can possess very different mobility distributions P (ξ), where ξ = F t ij /µF n ij , and numbers of sliding contacts.
The remainder of the article is organized as follows. The Methods section (Sec. II) introduces the CundallStrack model [22] for static friction between disks, the definitions of the stress tensor, shear stress, and stress anisotropy, and the details of the isotropic compression and simple shear packing generation protocols. In addition, we describe the protocols to decompress and then recompress shear-jammed packings and shear unjam and then shear jam compression-jammed packings. The Results section (Sec. III) describes our findings for the average packing fraction and contact number at jamming onset versus the static friction coefficient for MS packings generated via both protocols. In addition, we show the stress anisotropy and mobility distributions for each protocol that we use to generate MS packings. In the Conclusion and Future Directions section (Sec. IV), we summarize our results and describe promising future research directions, e.g. enuerating the force solutions for the null space of contact networks generated via isostropic compression and shear.
II. METHODS
We perform DEM simulations of frictional disks in 2D. We consider bidisperse mixtures of disks with N/2 large disks and N/2 small disks, each with the same mass m, and diameter ratio σ l /σ s = 1.4 [23] . The MS packings are generated inside a square box with side length L and periodic boundary conditions in both directions. The disks interact via pair forces in the normal (along the vectorr ij from the center of disk j to that of disk i) and the tangentialt ij directions (witht ij ·r ij = 0). We employ a repulsive linear spring potential for forces in the normal direction:
where r ij is the separation between disk centers, σ ij = (σ i + σ j )/2, σ i is the diameter of disk i, K is the spring constant in the normal direction, and θ(.) is the Heaviside Figure 1 : An idealized jamming diagram in which the jammed and unjammed regions are separated by a parabolic boundary in the packing fraction φ and shear strain γ plane. For compression jamming, we first apply simple shear strain γ at φ = 0 (horizontal solid blue lines) and then compress the system at fixed γ to jamming onset at φJ (vertical dashed blue lines). For shear jamming, we first compress the system to φ < φJ (vertical solid black lines) and then apply simple shear to jamming onset at γJ (horizontal dashed black lines).
step function that sets the interaction potential to zero when disks i and j are not in contact.
We implement the Cundall-Strack model [22] for the tangential frictional forces. When disks i and j are in contact, f t ij = K t u t ij , where K t = K/3 is the spring constant for the tangential forces and u t ij is the relative tangential displacement. u t ij is obtained by inegrating the relative tangential velocity [24, 25] , while disks i and j are in contact:
where
, and ω i is the angular velocity of disk i. u t ij is set to zero when the pair of disks i and j is no longer in contact. We implement the Coulomb criterion, f
We characterize the stress of the MS packings using the virial expression for the stress tensor [16] :
where β, δ = x, y, A = L 2 is the area of the simulation box, f ijβ is the β-component of the interparticle force f ij on disk i due to disk j, and r ijδ is the δ-component of the separation vector r ij . We define the stress anisotropy aŝ Σ xy = −Σ xy /P and the pressure as P = (Σ xx + Σ yy )/2. We measure length, energy, and stress below in units of σ s , Kσ s , and K/σ s , respectively.
We employ two main protocols to generate MS packings: 1) isotropic compression at fixed shear strain γ and 2) simple shear at fixed packing fraction φ. (See Fig. 1 .) For protocol 1 (isotropic compression), we first randomly place the disks in the simulation cell without overlaps. We then increase the diameters of the disks according to σ i = σ i (1 + dφ/φ) where dφ < 10 −4 is the initial increment in the packing fraction. After each small change in packing fraction, we minimize the total potential energy U by adding viscous damping forces proportional to each disk's velocity v i . Energy minimization is terminated when K max < 10 −20 , where K max is the maximum kinetic energy of one of the disks.
If U/N < U tol after minimization, we increase the packing fraction again by dφ and then minimize the total potential energy. To eliminate overlaps, we typically set
−16 , which means that the typical disk overlap is < 10 −8 . If after minimization, U/N > 2U tol , the growth step is too large and we return to the uncompressed packing of the previous step with U/N < U tol . Instead, we increase the packing fraction by dφ/2, and minimize the total potential energy. We repeat this process until the total potential energy satisfies U tol < U/N < 2U tol , at which we assume that the packing has reached jamming onset at packing fraction φ J . This compression protocol ensures that the system approaches jamming onset from below.
For protocol 2, we first prepare the system below jamming onset at φ t < φ J (using protocol 1). We then apply successive simple shear strain increments dγ by shifting the disk positions, x i = x i +dγy i , and implementing LeesEdwards boundary conditions, which are consistent with the applied affine shear strain. The initial shear strain increment is dγ = 10 −4 . After an applied shear strain increment, we minimize the total potential energy. Energy minimization is again terminated when K max < 10 −20 . If U/N < U tol after minimization, we increment the shear strain again by dγ and minimize the total potential energy. If after minimization, U/N > 2U tol , the shear strain step is too large and we return to the packing at the previous strain step with U/N < U tol . Instead, we increment the shear strain by dγ/2, and minimize the total potential energy. We repeat this process until the total potential energy satisfies U tol < U/N < 2U tol , at which we assume that the packing has reached jamming onset at total shear strain γ J .
Energy minimization is carried out by integrating Newton's equations of motion for the translational and rotational degrees of freedom of each disk in the presence of static friction and viscous dissipation. For the translational degrees of freedom, we have
n is the damping coefficient, and the sums over j include disks that are in contact with disk i. For the rotational degrees of freedom, we have
is the rotational damping coefficient, and
is the torque on disk i. We chose b n and b t so that the dynamics for the translational and rotational degrees of freedom are in the overdamped limit.
After generating MS packings using these two protcols, we measure the contact number z = N c /N , where N c is the total number of contacts in the system, and shear stress anisotropy of the MS packings. For these measurements, we recursively remove rattler disks with fewer than three contacts for frictionless disks or fewer than two contacts for frictional disks.
III. RESULTS
In this section, we first describe our results for the average contact number and packing fraction of MS packings generated via isotropic compression and simple shear. We then explain why the distribution of the shear stress anisotropy differs for compression and shear jammed packings. We also develop a protocol where we unjam shear jammed packings and then re-jam them via isotropic compression and a protocol where we unjam compression jammed packings and then re-jam them via applied shear strain. We then compare the contact network and stress anisotropy of the original jammed packings and the re-jammed packings, and show that the disk positions of the re-jammed packings are nearly identical to those for the original jammed packings. We find small differences in the stress state of the original jammed packings and the rejammed ones, but these differences are smaller than the fluctuations obtained by enumerating all of the normal and tangential force solutions for a given jammed packing consistent with force and torque balance.
Packing fraction and contact number
In Fig. 2 , we show (for N = 128) that the contact number z J and packing fraction φ J at jamming onset are similar for compression and shear jammed packings over the full range of friction coefficients µ. (The relative deivations are less than 0.5%.) For both protocols, we find that z ≈ 4 in the small-µ limit and z ≈ 3 in the large-µ limit, as found previously in several numerical studies of frictional disks. The average packing fraction φ J ≈ 0.835 in the small-µ limit and ≈ 0.765 in the large-µ limit. The crossover between the low-and highfriction behavior in the contact number and packing fraction again occurs near µ c ≈ 0.1 for both protocols. This crossover value of µ is similar to that found previously in compression jammed frictional disk packings [17] .
The average packing fraction at jamming onset is slightly smaller for shear jammed packings compared to that for compression jammed packings. This small difference in packing fraction stems from differences in the compression and shear jamming protocols. For each initial condition i, we generate a compression jammed packing with φ i J . Then, for each i, we generate a series of unjammed configurations with φ i α < φ i J and shear them until they jam at γ J . To obtain φ J for the shear jamming protocol, we average φ i α over i and α for all systems that jammed. This protocol for generating shear jammed packings is thus biased towards finding MS packings with packing fractions lower than those found for isotropic compression. Despite this, the packing fraction at jamming onset φ J (µ) for the two protocols differs by less than 0.5% over the full range of µ.
In Fig. 3 , we show the average shear strain γ J required to find a jammed packing starting from an initially unjammed packing using the shear jamming protocol as a function of packing fraction. In panel (a)
The system-size dependence of γ J is similar to that found for packings of frictionless disks. Thus, we predict that the range of packing fraction over which shear jamming occurs to shrink with increasing system size. In particular, we expect shear jamming to occur over a narrow range of packing fraction near φ J (µ) obtained from isotropic compression in the large-system limit.
Stress anisotropy of compression and shear jammed packings
In previous studies, we showed that a significant difference between shear and compression jammed packings of frictionless disks is that shear jammed packings possess a non-zero average shear stress anisotropy Σ xy > 0, whereas compression jammed packings possess Σ xy = 0. We find similar behavior for MS packings of frictional disks. In Fig. 4 , we show the distribution of shear stress anisotropy P (Σ xy ) for packings with three friction coefficients µ = 0, 0.1, and 1.0 using the isotropic compression and shear jamming protocols. For the isotropic compression protocol, P (Σ xy ) is a Gaussian distribution with zero mean, whereasΣ xy > 0 for packings generated via simple shear (in a single direction). The stress anisotropy distributions P (Σ xy ) for simple shear are Weibull distributions with shape and scale factors that depend on µ [26] . In Fig. 5 , we show the corresponding averages of the shear stress anisotropy distributions. We find that Σ xy = 0 for all µ for packings generated using isotropic compression. In contrast, for packings generated via simple shear, Σ xy ≈ 0.13 [27] for µ → 0 and Σ xy increases with µ until reaching Σ xy ≈ 0.25 in the large-µ limit.
We also showed in previous studies [15] that MS packings of frictionless disks occur in geometrical families in the packing fraction φ and shear strain γ plane. For frictionless disks, geometrical families are defined as MS packings with the same network of interparticle contacts, with different, but related fabric tensors. The packing fractions of MS packings in the same geometrical family are related via φ = φ 0 + A(γ − γ 0 ) 2 , where A > 0 is the curvature in the φ-γ plane, and φ 0 is the minimum value of the packing fraction at strain γ = γ 0 [16] . The parameters A, φ 0 , and γ 0 vary from one geometrical family to another.
Using a general work-energy relationship for packings undergoing isotropic compression and simple shear, we showed [19] that for packings of frictionless disks, the shear stress stress anisotropy can be obtained from the dilatancy, dφ J /dγ:Σ
The isotropic compression protocol can sample packings with alternating signs of dφ J /dγ (and thusΣ xy > 0 and < 0), whereas the shear jamming protocol can only sample packings with dφ J /dγ < 0 (and thusΣ xy > 0). We expect similar behavior for packings of frictional disks, however, it is more difficult to identify single geometrical famailies. First, Eq. 7 does not account for sliding contacts, and thus geometrical families must be defined over sufficiently small strain intervals such that interparticle contacts do not slide. In addition, for each MS packing of frictional disks in a given geometrical family, there is an ensemble of solutions for the normal and tangential forces [20] , not a unique solution, as for the normal forces in packings of frictionless disks. The extent to which packings with the same contact networks (and particle positions) can possess different shear stress anisotropies will be discussed in more detail in Sec. 3.3 below.
Unjam and rejam compression and shear jammed packings
In Sec. 3.1, we showed that compression and shear jammed packings have similar contact number z J (µ) and packing fraction φ J (µ) over the full range of µ. However, in Sec. 3.2, we demonstrated that Σ xy = 0 for compression jammed packings and Σ xy > 0 for shear jammed packings. Does this significant difference in the stress state of MS packings occur because the packings generated via isotropic compression are fundamentally different from those generated via simple shear?
To address this question, we consider two new protocols-protocol A, where we decompress each shear jammed packing, releasing all of the frictional contacts, and then re-compress each one until each jams, and protocol B, where we shear unjam each compression jammed packing, releasing all of the frictional contacts, and then shear each one until each jams. The goal is to study protocols that allow the system to move away from a given jammed packing in configuration space, removing all of the frictional contacts, and determine to what extent the system can recover the original jammed packing using either compression or shear. We compare the particle positions, shear stress anisotropy, and contact mobility for the original and re-jammed packings. If there is no difference between the original jammed and re-jammed packings, all MS packings can be generated via compression or shear. For protocols A and B, we will focus on systems with N = 16 and µ = 0.1, but we find similar results for systems with larger N and different µ.
In Fig. 6 (a), we illustrate protocol A. We decompress each shear jammed packing at fixed γ by ∆φ ∼ 10 −8 that corresponds to the largest overlap, so that none of the particles overlap and all of the tangential displacements are set to zero. We then recompress each packing by ∆φ in one step and perform energy minimization. In Table I , we show that out of the original 8925 shear jammed packings, protocol A returned 99% compression rejammed packings with the same contact networks as the original shear jammed packings and only 1% of the compression rejammed packings possessed different contact networks. None of the packings were unjammed after applying protocol A. Even though the memory of the mobility distribution of the original shear jammed configuration is erased using protocol A, we show in Fig. 6 (b) that the distributions of the shear stress anisotropy P (Σ xy ) are very similar for the original shear jammed and compression rejammed packings. (We do not include the small number of rejammed packings with different contact networks and the unjammed packings in the distributions P (Σ xy ).) In particular, both the compression rejammed packings and the original shear jammed packings possessΣ xy > 0, and thus the distributions have nonzero means, Σ xy > 0. This result implies that there is not a fundamental difference between shear and compression jammed configurations, since the isotropic compression protocol can generate "shear jammed" configurations.
We now consider a related protocol where we shear unjam compression jammed packings and then apply simple shear to rejam them. In Fig. 7 (a) , we illustrate protocol B. We first generate an ensemble of compression jammed packings. Compression jammed packings can jam on either side of the parabolic geometrical families φ J (γ); roughly half with dφ J /dφ < 0 and half with dφ J /dφ > 0. For packings with dφ J /dφ < 0, we shear by ∆γ ∼ 10 in the positive strain direction to unjam the packing. In both cases, to unjam the system, we apply simple shear strain in extremely small increments δγ = 10 −12 , with each followed by energy minimization, until U/N < U tol . After unjamming, we reset the tangential displacements at each nascent contact to zero. We then rejam the packings by applying the total accumulated shear strain ∆γ in a single step in the opposite direction to the original one, which allows the system to return to the same total strain, and perform energy minimization.
In Table I , we show that out of the original 1987 compression jammed packings, protocol B returned 96% shear rejammed packings with the same contact networks as the original compression jammed packings and only 4% shear rejammed packings with different contact networks. None of the packings generated using protocol B were unjammed. As shown in Fig. 7 (b) , the distribution P (Σ xy ) of shear stress anisotropies is nearly identical for the original jammed packings and the rejammed packings. In both cases, P (Σ xy ) is a Gaussian distribution with zero mean. This result emphasizes that isotropic stress distributions can be generated using a shear jamming protocol (when we consider shear jamming in both the positive and negative strain directions).
We now compare directly the structural and mechanical properties of the original shear jammed packings and those generated using protocol A and the original compression jammed packings and those generated using protocol B. We calculate the root-mean-square deviation in the particle positions,
and shear stress anisotropy,
between the original shear jammed (SJ) packings and the packings generated using protocol A and the original compression jammed (CJ) packings and the packings generated using protocol B. In Fig. 8 (a) , we show the frequency distribution of the deviations in the particle positions ∆r for systems with N = 16 and µ = 0.1. ∆r ∼ 2 × 10 −12 is extremely small, near numerical precision. Thus, the shear jammed packings and those generated via protocol A have nearly identical disk positions, and the compression jammed packings and those generated via protocol B have nearly identical disk positions.
We perform a similar comparison for the stress anisotropy (for systems with N = 16 and µ = 0.1) in Fig. 8 (b) . Even though the disk positions are nearly identical between the shear jammed and compression rejammed packings, the typical root-mean-square deviations in the stress anisotropy ∆Σ xy ∼ 10 −2.5 is finite. The stress anisotropy fluctuations are nonzero because packings of frictional disks with the same particle positions can have multiple solutions for the tangential forces as shown using the force network ensemble [28] . We find similar results for the differences in the stress anisotropy between the compression jammed packings and the shear re-jammed packings, however, the fluctuations are an order of magnitude smaller with ∆Σ xy ∼ 10 −3.5 . In contrast, when µ = 0, we find that ∆Σ xy ∼ 10 −7 (nearly four orders of magnitude smaller) for shear jammed packings and packings generated via protocol A with ∆r < 10 −12 .
We also compare the distributions of the mobility at each contact ξ = F t ij /µF n ij for the shear jammed packings and the compression re-jammed packings, as well as the compression jammed packings and the shear re-jammed packings. In Fig. 9 (a) , we show that the original shear jammed packings have a significant number of contacts that are near sliding with ξ ∼ 1 and a smaller fraction with ξ ∼ 10 −3 . However, the compression re-jammed packings have essentially no sliding contacts, and instead most contacts possess ξ ∼ 10 −3 . Thus, we find that the jamming protocol can have a large effect on the contact mobility distribution. Again, the abundance of tangential force solutions gives rise to the shear stress anisotropy fluctuations even for packings with nearly identical disk positions. In Fig. 9 (b), we show P (ξ) for the original compression jammed packings and the shear re-jammed packings. These distributions are similar with a small fraction of sliding contacts and abundance of contacts with ξ ∼ 10 −3 . This result is consistent with the fact that the stress anisotropy fluctuations between compression jammed and shear re-jammed packings are smaller compared to the stress anisotropy fluctuations between shear jammed and compression re-jammed packings. 
IV. CONCLUSION AND FUTURE DIRECTIONS
In this article, we used discrete element modeling simulations to compare the structural and mechanical properties of jammed packings of frictional disks generated via isotropic compression versus simple shear. We find that several macroscopic properties, such as the average contact number z J and packing fraction φ J at jamming onset, are similar for both packing-generation protocols. Figure 8 : (a) The frequency distribution p(∆r) of the rootmean-square deviations in the positions of the disks between shear jammed packings and those generated using protocol A (triangles) and between compression jammed packings and those generated using protocol B (circles). (b) The frequency distribution p(∆Σxy) of the root-mean-square deviations in the stress anisotropy between shear jammed packings and those generated using protocol A (triangles) and between compression jammed packings and those generated using protocol B (circles). For the data in both panels, N = 16 and µ = 0.1.
For both protocols, z J (µ) varies from 4 to 3 in the lowand high-friction limits with a crossover near µ c ≈ 0.1. φ J (µ) varies from ∼ 0.835 to 0.76 in the low-and highfriction limits with a similar crossover value of µ c .
The average stress state of mechanically stable (MS) packings generated via isotropic compression is different than that for MS packings generated via simple shear. The average stress anisotropy Σ xy > 0 for MS packings generated via shear, but Σ xy = 0 for packings generated via isotropic compression. Isotropic compression can sample MS packings with both signs ofΣ xy , whereas simple shear (in one direction) samples packings with only one sign of the stress anisotropy.
To investigate in detail the differences in the stress state of MS packings generated via simple shear and isotropic compression, we developed two additional protocols. For protocol A, we decompress shear jammed packings so that the frictional contacts are removed and then re-compress them to jamming onset. For protocol B, we shear unjam MS packings generated via isotropic compression so that the frictional contacts are removed, and then shear re-jam them. These studies address an important question-to what extent can protocols A and B recover the contact networks and stress states of the original jammed packings. We find that even though protocols A and B can recover the particle positions (and contact networks) of the original jammed packings, the rejammed and original jammed packings have small, but signficant differences in the stress anisotropy, e.g. ∆Σ xy ∼ 10 −3.5 -10 −2.5 for systems with µ = 0.1. To understand the stress fluctuations of frictional pack- ings with nearly identical particle positions, we carried out preliminary studies of the null space solutions for force and torque balance on all grains using the contact networks from the MS packings generated via isotropic compression [29] . For each packing of frictional disks, force and torque balance on all grains can be written as a matrix equation A lm F m = 0, where A lm is a 3N × 2N c constant matrix determined by the contact network and F m is a 2N c × 1 vector that stores the to-be-determined normal and tangential force magnitudes f n ij and f t ij at each contact. For frictional disk packings, the system is underdetermined with 3N > 2N c . Using a leastsquares optimization approach [30] , we solve for the normal and tangential force magnitudes such that f n ij > 0, and f t ij ≤ µf n ij . The stress anisotropy frequency distribution p(Σ xy ) from the null space solutions for an example compression jammed packing (with N = 16 and µ = 0.1) is shown in Fig. 10 . We find that the DEM-generated solutions belong to the set of null space solutions, but there are many more. In particular, the width of p(Σ xy ) is much larger than the width of the distribution of the stress anisostropy obtained for the given compression jammed packing from protocol B. We performed similar calculations of the null space solutions for all compression jammed packings. In Fig. 11 , we show the frequency distribution of the standard devivations σΣ xy of stress anisotropy from the null space solutions over all of the compression jammed packings. We find that the width of the fluctuations of the stress anisotropy from the null space solutions for a given packing are comparable to fluctuations of the stress anisotropy over all compression jammed contact networks using DEM. In future studies, we will carry out similar calculations to understand how the fluctuations in the stress anisotropy from the null space scale with system size N and friction coefficient µ. For example, we will investigate over what range of N and µ are the null space stress aniostropy fluctuations larger than the stress anisotropy fluctuations from varying contact networks. Addressing this question will allow us to predict the differences in the structural and mechanical properties of jammed packings of frictional particles that arise from the packing-generation protocols, such as isotropic compression and simple shear.
